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Abstrat
The investigation of the transverse eet of gravitational waves (GWs)
ould onstitute a further tool to disriminate among several relativisti
theories of gravity on the ground. After a review of the TT gauge, the
transverse eet of GWs arising by standard general relativity (alled
Einstein's GWs in this paper) is reanalized with a dierent hoie of o-
ordinates. In the hosen gauge test masses have an apparent motion in
the diretion of propagation of the wave, while in the transverse diretion
they appear at rest. Of ourse, this is only a gauge artefat. In fat,
from areful investigation of this partiular gauge, it is shown that the
tidal fores assoiated with GWs at along the diretions orthogonal to
the diretion of propagation of waves. In the analysis it is also shown, in
a heuristi way, that the transverse eet of Einstein's GWs arises from
the propagation of the waves at the speed of the light, thus only mass-
less GWs are purely transverse. But, beause the physis of gravitational
waves has to be investigated by studing the tidal fores as appearing in
the geodesi deviation equation and diretly in a laboratory environment
on Earth, an analysis of these tidal fores and of the transverse eet in
the frame of the loal observer is also performed. After this, for a further
better understanding of the transverse eet, an example of a wave, whih
arises from salar tensor gravity, with both transverse and genuinely lon-
gitudinal modes is given and disussed. In the example the onnetion
between the longitudinal omponent and the veloity of the wave will be
mathematial shown.
At the end of this paper the review of the TT gauge is ompleted,
reovering the gauge invariane between the presented gauge and the TT
one.
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1 Introdution
The design and onstrution of a number of sensitive detetors for GWs is un-
derway today. There are some laser interferometers like the VIRGO detetor,
being built in Casina, near Pisa by a joint Italian-Frenh ollaboration [1, 2℄,
the GEO 600 detetor, being built in Hannover, Germany by a joint Anglo-
Germany ollaboration [3, 4℄, the two LIGO detetors, being built in the United
States (one in Hanford, Washington and the other in Livingston, Louisiana)
by a joint Calteh-Mit ollaboration [5, 6℄, and the TAMA 300 detetor, being
built near Tokyo, Japan [7, 8℄. There are many bar detetors urrently in oper-
ation too, and several interferometers and bars are in a phase of planning and
proposal stages.
The results of these detetors will have a fundamental impat on astrophysis
and gravitation physis. There will be lots of experimental data to be analyzed,
and theorists will be fored to interat with lots of experiments and data analysts
to extrat the physis from the data stream.
Detetors for GWs will also be important to onrm or ruling out the physial
onsisteny of general relativity or of any other theory of gravitation [9, 10,
11, 12℄. This is beause, in the ontext of extended theories of gravity, some
dierenes from general relativity and the others theories an be seen starting by
the linearized theory of gravity [9, 10, 12, 13, 14, 15℄. In fat, standard Einstein's
GWs [18℄ are in priniple dierent from GWs whih arises from others theories
of gravity. For example, there are partiular extended theories that admit the
existene of massive modes of gravitational radiation whih an be both salar
and tensorial [9, 12, 13, 14, 15℄. In this ase, the presene of the mass prevents
the GW to propagate at the speed of light generating a longitudinal omponent
of the wave (i.e GWs are no more transverse).
The response of interferometers to Einstein's GWs and their transverse eet
have been analyzed in lots of works in literature, starting by the work of the
Bondi's researh group [19℄ expeially in the TT gauge [20, 21, 22℄. With the
goal of onsidering the investigation of the transverse eet of GWs a further tool
to disriminate among several relativisti theories of gravity on the ground [12,
13, 14, 15, 16, 17℄, in this paper, after a review of the TT gauge, the transverse
eet of Einstein's GWs is reanalized with a dierent hoie of oordinates.
In the hosen gauge test masses have an apparent motion in the diretion of
propagation of the wave, while in the transverse diretion they appear at rest.
Of ourse, this is only a gauge artefat. In fat, from areful investigation of
this partiular gauge, it is shown that the tidal fores assoiated with GWs at
along the diretions orthogonal to the diretion of propagation of waves. In the
analysis it is also shown, in a heuristi way, that the tranverse eet of Einstein's
GWs arises from the propagation of the waves at the speed of light, thus only
massless GWs (and this is the ase of Einstein's ones) are purely transverse
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(i.e. the presene of the mass preludes GWs to propagate at the speed of the
light). But, beause the physis of gravitational waves has to be investigated
by studing the tidal fores as appearing in the geodesi deviation equation [25℄
and diretly in a laboratory environment on Earth[12, 13, 14, 15, 20, 21, 22, 24℄,
an analysis of these tidal fores and of the transverse eet in the frame of
the loal observer is also performed, following the lines of [12, 15, 20℄. After
this, for a further better understanding of the transverse eet, an example
of a wave, whih arises from salar tensor gravity, with both transverse and
genuinely longitudinal modes is given and disussed [12, 13, 14℄. In the example
the onnetion between the longitudinal omponent and the veloity of the wave
will be mathematial shown.
At the end of this paper the review of the TT gauge is ompleted reovering
the gauge invariane between the presented gauge and the TT one.
2 A review of the TT gauge
Working with c = 1 and ~ = 1, in the ontext of General Relativity, Einstein
eld equations an be written like [21, 23℄
Gµν ≡ Rµν − R
2
ηµν = 8πG˜T
(m)
µν . (1)
Beause we want to study gravitational waves, the linearized theory in va-
uum (T
(m)
µν = 0) has to be analyzed, with a little perturbation of the bakground,
whih is assumed given by the Minkowskian bakground [21, 23℄ .
Thus we put
gµν = ηµν + hµν with | hµν |≪ 1 (2)
To rst order in hµν , alling R˜µνρσ , R˜µν and R˜ the linearized quantity whih
orrespond to Rµνρσ , Rµν and R, the linearized eld equations are obtained
[12, 15, 21, 23℄
R˜µν − R˜
2
ηµν = 0. (3)
Let us put
h¯µν ≡ hµν − h
2
ηµν , (4)
where the inverse transform is the same
hµν = h¯µν − h¯
2
ηµν . (5)
By putting eq. (5) in eqs. (3) it is
[]h¯µν − ∂µ(∂αh¯αν)− ∂ν(∂αh¯αµ) + ηµν∂β(∂αh¯αβ), (6)
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where [] is the D'Alembertian operator.
Now let us onsider the gauge transform (Lorenz ondition)
h¯µν → h¯′µν = h¯µν − ∂(µǫν) + ηµν∂αǫα, (7)
with the ondition []ǫν = ∂
µh¯µν for the parameter ǫ
µ
. It is
∂µh¯′µν = 0, (8)
and, omitting the
′
, the eld equations an be rewritten like
[]h¯µν = 0. (9)
For a lot of time in literature the ondition (7) was been alled Lorentz
ondition, beause physiists have onsidered its origin due to H. Lorentz (see
for example refs. [21, 23℄), but its real origin is due to L. Lorenz, see ref. [26℄.
This partiular was expliated in ref. [17, 27℄ and was ommuniated to the
author of this paper from [28℄.
Solutions of eqs. (9) are plan waves:
h¯µν = Aµν(
−→
k ) exp(ikαxα) + c.c. (10)
The solutions (10) take the onditions
kαkα = 0
kµAµν = 0,
(11)
whih arises respetively from the linearized eld equations and from eq.
(8).
The rst of eqs. (11) shows that perturbations have the speed of the light,
the seond represents the trasverse property of the waves. Here this transverse
eet appears from a purely mathematial point of view, but in the next Setion
we show that this eet is physial.
Fixed the Lorenz gauge, another transformation with []ǫµ = 0 an be per-
formed; let us take
[]ǫµ = 0
∂µǫ
µ = 0,
(12)
whih is permissed beause []h¯ = 0. We obtain
h¯ = 0 ⇒ h¯µν = hµν , (13)
(traeless property) i.e. hµν is a transverse plane wave too. The gauge
transformation (12) also saves the onditions
∂µh¯µν = 0
h¯ = 0.
(14)
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Let us onsider a wave inoming in the positive z diretion; then
kµ = (k, 0, 0k) (15)
and the seond of eqs. (11) implies
A0ν = −A3ν
Aν0 = −Aν3
A00 = −A30 +A33.
(16)
Now let us ompute the freedom degrees of Aµν . We was started with 10
omponents (Aµν is a symmetri tensor); 3 omponents have been lost for the
trasverse property, more, the ondition (13) redues the omponents to 6. One
an take A00, A11, A22, A21, A31, A32 like independent omponents; another
gauge freedom an be used to put to zero three more omponents (i.e. one
an only hose three of ǫµ, the fourth omponent depends from the others by
∂µǫ
µ = 0).
Then, taking
ǫµ = ǫ˜µ(
−→
k ) exp(ikαxα) + c.c.
kµǫ˜µ = 0,
(17)
the transform law for Aµν is (see eqs. (7) and (10) )
Aµν → A′µν = Aµν − 2ik(µǫ˜ν). (18)
Thus, for the six omponents of interest it is:
A00 → A00 + 2ikǫ˜0
A11 → A11
A22 → A22
A21 → A21
A31 → A31 − ikǫ˜1
A32 → A32 − ikǫ˜2.
(19)
The physial omponents of Aµν are the gauge-invariants A11, A22 and A21,
thus ǫ˜ν an be hosen to put equal to zero the others. From the traeless
property it is also A11 = −A22.
In this way the total perturbation of a gravitational wave propagating in the
z+ diretion in this gauge is
hµν(t− z) = A+(t− z)e(+)µν +A×(t− z)e(×)µν , (20)
that desribes the two polarizations of gravitational waves whih arises from
General Relativity in the TT gauge (ref. [20, 21, 22℄). This gauge is histor-
ially alled transverse-traeless (TT), beause in these partiular oordinates
the gravitational waves have a transverse eet and are traeless.
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3 Einstein's GWs in a dierent gauge
In the last setion we have seen that, in the TT gauge, the perturbation of a
plane polarized Einstein's GW propagating in at spaetime in the z+ diretion,
with a wave front parallel to the x− y plane, is given , onsidering only the +
polarization, by
hµν(t− z) = h(t− z)e(+)µν (21)
(see also refs. [20, 21, 22℄), where e
(+)
µν ≡ diag(0, 1,−1, 0), the amplitude of
the + polarization is now labelled h = h(t− z)(i.e. A+ in previous Setion )
and the line element is
ds2 = −dt2 + dz2 + [1 + h(t− z)]dx2 + [1− h(t− z)]dy2. (22)
A gauge transformation like eq. (17) and the orresponding transformation
law (18) an also be used to obtain A00 = A22. Now the traeless property gives
A11 = A33 = −A00 = −A22 (23)
and the line element is
ds2 = [1 + h(t− z)](−dt2 + dx2 + dz2) + [1− h(t− z)]dy2. (24)
Equation (24) an be also obtained diretly from the line element (22) with
the substitution
x → x
y → y
z → z + 12H(t− z)
t → t− 12H(t− z),
(25)
where
H(t− z) ≡
∫ t−z
−∞
h(v)dv. (26)
In literature it is well known that there exist innitely many gauge transfor-
mations that spoil the TT gauge [21℄. The partiular interest of the line element
(24) arises from the fat that it is a TT gauge of an observer whih is moving
very slowly in the z diretion as it will be shown in the next disussion. In this
ase it will be also shown that this gauge artefat, that arises in the relativity
of motion, will generate a fallaious longitudinal mode of the GW. More, two
enlighten relations (eqs. (65) and (66)) will show from an intuitive point of view
that the tranverse eet of Einstein's GWs arises from the propagation of the
waves at the speed of light.
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Let us see in detail what happens in the gauge (24). The line element an
be rewritten as
(
dt
dτ
)2 − (dx
dτ
)2 − (dz
dτ
)2 =
1
1 + h
+
1− h
1 + h
(
dy
dτ
)2 (27)
where τ is the proper time of the test masses.
To derive the geodesi equation of motion for test masses (i.e. the beam-
splitter and the mirrors of the interferometer) eq. (87,3a) of [11℄, whih is
dui
dτ
− 1
2
∂gkl
∂xi
ukul = 0, (28)
an be used.
Thus, from the metri (24) it is
d2x
dτ2
= 0
d2y
dτ2
= 0
d2t
dτ2
= 12(1+h)∂t(1 + h)[(
dt
dτ
)2 − (dx
dτ
)2 − ( dz
dτ
)2]− 12∂t(1 − h)( dydτ )2
d2z
dτ2
= − 12(1+h)∂z(1 + h)[( dtdτ )2 − (dxdτ )2 − ( dzdτ )2] + 12∂z(1− h)( dydτ )2.
(29)
One an immediately integrate the rst and the seond of eqs. (29) obtaining
dx
dτ
= C1 = const. (30)
dy
dτ
= C2 = const. (31)
Assuming that test masses are at rest initially it is C1 = C2 = 0. Thus,
even if the GW arrives at test masses, there is not motion of test masses within
the x − y plane in this gauge. This an be diretly understood from eq. (24)
beause the absene of the x and of the y dependenes in the metri implies
that test masses momentum in these diretions (i.e. C1 and C2 respetively) is
onserved. This results, for example, from the fat that in this ase the x and
y oordinates do not expliity enter in the Hamilton-Jaobi equation for a test
mass in a gravitational eld (see ref. [23℄).
Now eq. (27) reads
(
dt
dτ
)2 − (dz
dτ
)2 =
1
1 + h
. (32)
In this way, eqs. (29) begins
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d2x
dτ2
= 0
d2y
dτ2
= 0
d2t
dτ2
= 12
∂t(1+h)
(1+h)2
d2z
dτ2
= − 12 ∂z(1+h)(1+h)2 .
(33)
Now it will be shown that, in presene of a GW, a motion of test masses
in the z diretion, whih is the diretion of the propagating wave, is present.
An analysis of eqs. (33) shows that, to simplify equations, the retarded and
advaned time oordinates (v, w) an be introdued:
v = t− z
w = t+ z.
(34)
From the third and the fourth of eqs. (33) it is
d
dτ
dv
dτ
=
∂w[1 + h(v)]
[1 + h(v)]2
= 0. (35)
Thus one obtains
dv
dτ
= α, (36)
where α is an integration onstant. From eqs. (32) and (36), it is
dw
dτ
=
β
1 + h
(37)
where β ≡ 1
α
, and
τ = βv + γ, (38)
where the integration onstant γ orrespondes simply to the retarded time
oordinate translation v = t − z. Thus, without loss of generality, it an be
put equal to zero. Now let us see what is the meaning of the other integration
onstant β. The equation for z an be written from eqs. (36) and (37):
dz
dτ
=
1
2β
(
β2
1 + h
− 1). (39)
When it is h = 0 (i.e. before the GW arrives at the test masses) eq. (39)
beomes
dz
dτ
=
1
2β
(β2 − 1). (40)
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But this is exatly the initial veloity of the test mass, thus we have to hoose
β = 1 beause we suppose that test masses are at rest initially. This also implies
α = 1.
To nd the motion of a test mass in the z diretion one an see that from eq.
(38) it is dτ = dv, while from eq. (37) it is dw = dτ1+h . Beause it is z =
w−v
2
we obtain
dz =
1
2
(
dτ
1 + h
− dv), (41)
whih an be integrated as
z = z0 +
1
2
∫
( dv1+h − dv) =
= z0 − 12
∫ t−z
−∞
h(v)
1+h(v)dv,
(42)
where z0 is the initial position of the test mass. Now, the displaement of
the test mass in the z diretion an be written as
∆z = z − z0 = − 12
∫ t−z0−∆z
−∞
h(v)
1+h(v)dv
≃ − 12
∫ t−z0
−∞
h(v)
1+h(v)dv.
(43)
The results an also be rewritten in funtion of the time oordinate t:
x(t) = x0
y(t) = y0
z(t) = z0 − 12
∫ t−z0
−∞
h(v)
1+h(v)d(v)
τ(t) = t− z(t).
(44)
Then, let us reasume what happens in our gauge: in the x − y plane an
inertial test mass initially at rest remains at rest throughout the entire passage
of the GW, while in the z diretion an inertial test mass initially at rest has a
motion during the passage of the GW. This motion has a very weak veloity, in
fat from the third of eqs. (44) it is
dz
dt
≃ −h(t)
2
, (45)
where
h(t)
1+h(t) ≃ h(t) has been used .
The following analysis will show that the fallaious eet of this Setion is
only a gauge artefat. In fat it is well known from the literature that GWs
whih arises from standard general relativity are longitudinal waves [2, 9, 11,
18, 19, 20, 21, 22, 23, 24, 25℄.
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Figure 1: photons an be launhed from the beam-splitter to be bouned bak
by the mirror
4 Analysis of the transverse eet in the hosen
gauge
The use of words  at rest has to be laried: it means that the oordinates of
test masses do not hange in the presene of the GW in the x − y plane, but
we will see that the proper distane between the beam-splitter and the mirror
of the interferometer hanges even though their oordinates remain the same.
On the other hand, it will also be shown that the proper distane between the
beam-splitter and the mirror of the interferometer does not hange in the z
diretion even if their oordinates hange in the gauge (24).
A good way to analyze variations in the proper distane (time) is by means
of bouning photons : a photon an be launhed from the beam-splitter to be
bouned bak by the mirror (see refs. [12, 15, 20℄ and gure 1).
Let us start by onsidering the interval for a photon whih propagates in the
x axis. Assuming that test masses are loated along the x axis and the z axis
of the oordinate system, the y diretion an be negleted beause the absene
of the y dependene in the metri (24) implies that photon momentum in this
diretion is onserved [23℄ and the interval an be rewritten in the form
ds2 = [1 + h(t− z)](−dt2 + dx2 + dz2). (46)
Note that photon momentum in the z diretion is not onserved, for the
z dependene in eq. (24) [20, 23℄. Thus photons launhed in the x axis will
deet out of this axis. But this eet an be negleted too, beause the photon
deetion into the z diretion will be at most of order h [20℄. Then, to rst
order in h, the dz2 term an be negleted. Thus, from eq. (46) it is
ds2 = (1 + h)(−dt2) + (1 + h)dx2. (47)
The ondition for null geodesis (ds2 = 0) for photons gives
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dt2 = dx2. (48)
One realls that the rate dτ of the proper time is related to the rate dt of
the time oordinate from (ref. [23℄)
dτ2 = g00dt
2. (49)
From eq. (47) it is g00 = (1 + h). Then, by using eq. (48), one obtains
dτ2 = (1 + h)dx2, (50)
whih gives
dτ = ±(1 + h) 12 dx. (51)
From eqs. (44) we see that the oordinates of the beam-splitter xb = l and
of the mirror xm = l+ L0 do not hange under the inuene of the GW in our
gauge, thus the proper duration of the forward trip is
τ1(t) =
∫ L0+l
l
[1 + h(t)]
1
2 dx. (52)
To rst order in h this integral is approximated by
τ1(t) = T0 +
1
2
∫ L0+l
l
h(t′)dx (53)
where
t′ = t− (l + L0 − x).
In the last equation t′ is the retardation time (i.e. t is the time at whih the
photon arrives in the position l+ L0, so l + L0 − x = t− t′) [2, 12, 15, 20℄.
In the same way, the proper duration of the return trip is
τ2(t) = T0 +
1
2
∫ l
l+L0
h(t′)(−dx), (54)
where now
t′ = t− (x− l)
is the retardation time and
T0 = L0
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is the transit proper time of the photon in absene of the GW, whih also
orresponds to the transit oordinate time of the photon in presene of the GW
(see eq. (48)).
Thus the round-trip proper time will be the sum of τ2(t) and τ1(t − T0).
Then, to rst order in h, the proper duration of the round-trip will be
τr.t.(t) = τ1(t− T0) + τ2(t). (55)
By using eqs. (53) and (54) one sees immediately that deviations of this
round-trip proper time (i.e. proper distane) from its imperurbated value are
given by
δτ(t) =
1
2
∫ L0+l
l
[h(t− 2T0 + x− l) + h(t− x+ l)]dx. (56)
The signal seen from the arm in the x axis an be also dened like
δτ(t)
T0
≡ 1
2T0
∫ L0+l
l
[h(t− 2T0 + x− l) + h(t− x+ l)]dx. (57)
Now the analysis will be transled in the frequeny domain by using the
Fourier transform of our eld dened by
h˜(ω) =
∫
∞
−∞
dt h(t) exp(iωt). (58)
By using denition (58), from eq. (57) it is
δτ˜ (ω)
T0
= Υ(ω)h˜(ω), (59)
where Υ(ω) is the response of the x arm of our interferometer to GWs:
Υ(ω) =
exp(2iωT0)− 1
2iωT0
, (60)
whih is omputed in lots of works in literature, but here the omputation
has been made in a dierent gauge.
Now let us see what happens in the z oordinate (see gure 2).
The absenes of the x and y dependene in the metri (24) imply that photon
momentum in these diretion is onserved [23℄ and the interval an be rewritten
in the form
ds2 = [1 + h(t− z)](−dt2 + dz2). (61)
From the ondition ds2 = 0 for null geodesis it is
dz = ±dt. (62)
But, from the last of eqs. (44) the proper time is
dτ(t) = dt− dz, (63)
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Photon
Figure 2: the beam splitter and the mirror are loated in the diretion of the
inoming GW
and, by ombining eq. (62) with eq. (63), one gets
dτ(t) = dt∓ dt. (64)
Thus, it is
τ1(t) = 0 (65)
for the forward trip and
τ2(t) =
∫ T0
0
2dt = 2T0 (66)
for the return trip. Then
τ(t) = τ1(t) + τ2(t) = 2T0. (67)
Thus it is δτ = δL0 = 0, i.e. there is not longitudinal eet. This is a
onsequene of the fat that a GW propagates at the speed of light. Eqs. (65)
and (66) show that, in the gauge (24), in the forward trip the photon travels at
the same speed of the GW and its proper time is equal to zero ((i.e. the photon
and the GW are leaving at the same veloity and in the same diretion, giving
the result (65)), while in the return trip the photon travels against the GW and
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its proper time redoubles (i.e. the photon and the GW are leaving at the same
veloity, but in opposite diretion, giving the result (66)).
Then it has been shown that the longitudinal eet of eqs. (44) and (45) is
fallaious and due to the relativity of motion. The gauge (24) is a TT gauge of
an observer whih is moving very slowly in the z diretion.
5 Tidal fores and geodesi deviation equations
in the gauge of the loal observer
Beause the physis of GWs is diretly performed in a laboratory environment
on Earth [12, 15, 20, 21, 25℄, the oordinate system in whih the spae-time is
loally at is typially used and the distane between any two points is given
simply by the dierene in their oordinates in the sense of Newtonian physis.
This gauge is the proper referene gauge of a loal observer, loated for example
in the position of the beam splitter of an interferometer. In this gauge GWs
manifest themself by exerting tidal fores on the masses [25℄ (the mirror and the
beam-splitter in the ase of an interferometer). A detailed analysis of the frame
of the loal observer is given in ref. [21℄, set. 13.6. Here the more important
features of this gauge are realled:
the time oordinate x0 is the proper time of the observer O;
spatial axes are entered in O;
in the speial ase of zero aeleration and zero rotation the spatial oor-
dinates xj are the proper distanes along the axes and the frame of the loal
observer redues to a loal Lorentz frame: in this ase the line element reads
[21℄
ds2 = −(dx0)2 + δijdxidxj +O(|xj |2)dxαdxβ ; (68)
the eet of the GW on test masses is desribed by the equation
x¨i = −R˜i0k0xk, (69)
whih is the equation for geodesi deviation in this gauge. The problem is thus
redued to alulate the linearized Riemann tensor R˜i0k0 in the loal gauge of the
beam-splitter. But it is well known that R˜i0k0 is gauge invariant [12, 15, 20, 21℄,
thus we an ompute it diretly from eq. (24). From [21℄ it is
R˜µνρσ =
1
2
{∂µ∂βhαν + ∂ν∂αhµβ − ∂α∂βhµν − ∂µ∂νhαβ}. (70)
In this way one obtains,
R˜1010 = − 12 h¨
R˜2010 =
1
2 h¨
R˜3030 = 0.
(71)
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Using eqs. (69), eqs: (71) give
x¨ =
1
2
h¨x, (72)
y¨ = −1
2
h¨y (73)
and
z¨ = 0, (74)
whih show that the tidal fores at only in a diretion perpendiular to the
propagating GW, while there is not longitudinal tidal fore.
6 An example of real longitudinal eet in a non
- Einsteinian GW
In this Setion it is shown that Salar-TensorGravity, whih emerges as eetive
theory from several uniation shemes of fundamental interations (see refs.
[10, 12, 13, 14℄ for a disussion), admits the existene of a salar massive mode of
gravitational waves, where the mass is very small. The mehanism of prodution
is also analyzed, showing that this salar massive mode has a real (no gauge
artefat) longitudinal mode [12, 14℄. In this way the orrelation between the
longitudinal mode and the fat that a GW does not propagate at the speed of
light will be made lear also from a mathematial point of view.
Let us ask: what does it mean the term small? If one treats salars like
lassial waves, that at oherently with the interferometer [12, 13, 14℄, it has
to be m ≪ 1/L , where L = 3 kilometers in the ase of Virgo and L = 4
kilometers in the ase of Ligo. Thus it is approximately m < 10−9eV . However
there is a stronger limitation oming from the fat that the salar wave should
have a frequeny whih falls in the frequeny-range for earth based gravitational
antennas that is the interval 10Hz ≤ f ≤ 10KHz. For a massive SGW this
means:
2πf = ω =
√
m2 + p2, (75)
were p is the momentum. Then it has to be [12, 13, 14℄
0eV ≤ m ≤ 10−11eV. (76)
For these light salars we an still disuss their eet as a oherent gravita-
tional wave.
In the general ontext of Salar-Tensor Gravity [10, 12, 13, 14℄, Einstein eld
equations are more general than eq. (1):
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Gµν = − 4piG˜ϕ T
(m)
µν +
ω(ϕ)
ϕ2
(ϕ;µϕ;ν − 12gµνgαβϕ;αϕ;β)+
+ 1
ϕ
(ϕ;µν − gµν []ϕ) + 12ϕgµνW (ϕ)
(77)
with assoied a Klein - Gordon equation for the salar eld
[]ϕ =
1
2ω(ϕ) + 3
(−4πG˜T (m) + 2W (ϕ) + ϕW ′(ϕ) + dω(ϕ)
dϕ
gµνϕ;µϕ;ν . (78)
In the above equations T
(m)
µν is the ordinary stress-energy tensor of the matter
and G˜ is a dimensional, stritly positive, onstant [10, 12℄. The Newton onstant
is replaed by the eetive oupling
Geff = − 1
2ϕ
, (79)
whih is, in general, dierent from G. General Relativity is obtained when
the salar eld oupling beomes
ϕ = const = −1
2
. (80)
The ase in whih it is ω = const in eqs. (77) and (78) is the string-
dilaton gravity [10, 12, 13, 14℄. Now the linearized theory in vauum (T
(m)
µν =
0) has to be studied in a little dierent perturbation of the bakground with
respet standard Einstein's GW. The salar eld ϕ = ϕ0 has to be added to the
Minkowskian bakground [10, 12℄. We also assume ϕ0 to be a minimum for W :
W ≃ 1
2
αδϕ2 ⇒W ′ ≃ αδϕ (81)
The linearization of equations is parallel to the anonial one of theseond
Setion of this paper, thus one an put
gµν = ηµν + hµν
ϕ = ϕ0 + δϕ.
(82)
To rst order in hµν and δϕ, the linearized eld equations now are [9, 12℄
R˜µν − eR2 ηµν = ∂µ∂νΦ+ ηµν []Φ
[]Φ = m2Φ,
(83)
where we have dened
Φ ≡ − δϕ
ϕ0
m2 ≡ αϕ02ω+3 .
(84)
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In analogy to the purely General Relativity ase of Setion 2, the linearized
Riemann tensor and the linearized eqs. (83) are invariant for gauge transforma-
tions
hµν → h′µν = hµν − ∂(µǫν)
δϕ→ δϕ′ = δϕ;
(85)
then one an dene
h¯µν ≡ hµν − h
2
ηµν + ηµνΦ, (86)
and, onsidering the gauge transform (Lorenz ondition) with the ondition
[]ǫν = ∂
µh¯µν (87)
for the parameter ǫµ, it is
∂µh¯µν = 0. (88)
Thus, the eld equations like an be rewritten
[]h¯µν = 0 (89)
[]Φ = m2Φ. (90)
Solutions of eqs. (89) and (90) are plan waves:
h¯µν = Aµν(−→p ) exp(ipαxα) + c.c. (91)
Φ = a(−→p ) exp(iqαxα) + c.c. (92)
where
kα ≡ (ω,−→p ) ω = p ≡ |−→p |
qα ≡ (ωm,−→p ) ωm =
√
m2 + p2.
(93)
In eqs. (89) and (91) the equation and the solution for the tensorial waves
exatly like in General Relativity have been obtained (Setion 2), while eqs.
(90) and (92) are respetively the equation and the solution for the massive
salar mode.
Note: now the dispersion law for the modes of the massive salar eld Φ
is not linear [12, 14, 15℄. The veloity of every tensorial mode h¯µν is the light
speed c, but the dispersion law (the seond of eq. (93)) for the modes of Φ is
that of a massive eld whih an be disussed like a wave-paket [12, 14, 15℄.
Also, the group-veloity of a wave-paket of Φ entered in −→p is
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Figure 3: from Capozziello S and Corda C - Int. J. Mod. Phys. D 15 1119
-1150 (2006), the mass-frequeny relation for a massive SGW inoming with a
speed of 0.9c : for the mass it is 1Hz = 10−15eV
−→vG =
−→p
ω
, (94)
whih is exatly the veloity of a massive partile with mass m and momen-
tum
−→p .
From the seond of eqs. (93) and eq. (94) it is simple to obtain [12, 14℄:
vG =
√
ω2 −m2
ω
. (95)
Then, wanting a onstant speed of our wave-paket, one needs
m =
√
(1 − v2G)ω. (96)
The relation (96) is shown in g. 3 for a value vG = 0.9.
Now let us remain in the Lorenz gauge with trasformations of the type
[]ǫν = 0; this gauge gives a transverse ondition for the tensorial part of the
eld: kµAµν = 0, but we do not know if the total eld hµν is transverse [15℄.
From eq. (86) it is:
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hµν = h¯µν − h¯
2
ηµν + ηµνΦ. (97)
At this point, being in the massless ase one ould put
[]ǫµ = 0
∂µǫ
µ = − h¯2 +Φ,
(98)
whih gives the transverse ondition of the total eld. But in the massive
ase this is impossible. In fat, applying the D'Alembertian operator to the
seond of eqs. (98) and using the eld equations (89) and (90) it is
[]ǫµ = m2Φ, (99)
whih is in ontrast with the rst of eqs. (98). In the same way it is possible
to show that it does not exist any linear relation between the tensorial eld h¯µν
and the salar eld Φ. Thus a gauge in wih hµν is purely spatial annot be
hosen (i.e. we annot put hµ0 = 0, see eq. (97)). But one an put the traeless
ondition to the eld h¯µν :
[]ǫµ = 0
∂µǫ
µ = − h¯2 ,
(100)
whih imply
∂µh¯µν = 0. (101)
Wanting to save the onditions ∂µh¯
µν
and h¯ = 0, one an use transformations
like
[]ǫµ = 0
∂µǫ
µ = 0,
(102)
and, taking
−→p in the z diretion, it is possible to hoose a gauge in whih
only A11, A22, and A12 = A21 are dierent to zero. The ondition h¯ = 0 gives
A11 = −A22. Now, putting these equations in eq. (97) it is
hµν(t, z) = A
+(t− z)e(+)µν +A×(t− z)e(×)µν +Φ(t− vGz)ηµν . (103)
The term A+(t − z)e(+)µν + A×(t − z)e(×)µν desribes the two standard (i.e.
tensorial) polarizations of gravitational waves whih arises from General Rela-
tivity, exatly like in Setion 2, while the term Φ(t − vGz)ηµν is the massive
salar eld.
Now it will be shown that the disussion of the physial eet of the wave
is dierent from the massless ase [12, 13, 14℄.
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For a pure salar gravitational wave equation (103) beomes
hµν(t, z) = Φ(t− vGz)ηµν , (104)
and, with an analysis parallel to the one of previous Setion, using equa-
tion (103) diretly in equations (70), for the gauge invariane of the linearized
Riemann tensor, one gets in the frame of the loal observer
R˜1010 = − 12 Φ¨
R˜2010 = − 12 Φ¨
R˜3030 =
1
2 []Φ.
(105)
But, putting the eld equation (90) in the third of eqs. (105) it is
R˜3030 =
1
2
m2Φ, (106)
whih shows that the eld is not transversal.
Infat, using eq. (69) it results
x¨ =
1
2
Φ¨x, (107)
y¨ =
1
2
Φ¨y (108)
and
z¨ = −1
2
m2Φ(t, z)z. (109)
Then the eet of the mass is the generation of a longitudinal fore (in
addition to the transverse one).
For a better understanding of this longitudinal fore, let us analyse the eet
on test masses in the ontext of the geodesi deviation.
Following [14℄ one puts
R˜i0j0 =
1
2

 −∂2t 0 00 −∂2t 0
0 0 m2

Φ(t, z) = −1
2
Tij∂
2
tΦ +
1
2
Lijm
2Φ. (110)
Here we have used the transverse projetor with respet to the diretion of
propagation of the GW n̂, dened by
Tij = δij − n̂in̂j , (111)
and the longitudinal projetor dened by
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Lij = n̂in̂j . (112)
In this way the geodesi deviation equation (69) an be rewritten like
d2
dt2
xi =
1
2
∂2tΦTijxj −
1
2
m2ΦLijxj . (113)
Thus one sees immediately that the eet of the mass present in the GW
generates a longitudinal fore proportional to m2 whih is in addition to the
transverse one. But if vg → 1 in eq. (96) it is m→ 0, and the longitudinal fore
vanishes. Thus it is lear that the longitudinal mode arises from the fat that
the salar part of the GW does no propagate at the speed of light.
In ref. [12℄ the analysis has been generalized to all the frequenies (eqs.
(110) and (113) are orret only in the low frequenies approximation) with the
omputation of the longitudinal response funtion of interferometers for massive
salar GW, whih is (eq. (136) of [12℄)
Υl(ω) = (1− 1v2
P
) exp[iω(1 + 1
vP
)L] +
vP (1−
1
v2
P
)
4Lω (
exp[2iωL](iv2
P
−(vP−1)vPω+iL(vP−1)
2ω2
(vP−1)3
+
2 exp[iω(1+ 1
vP
)L](−2iv2
P
(3v2
P
+1)+2(1+L)vP (v
4
P
−1)ω+iL2(vP+1)
2ω2)
(v2
P
−1)3
+
− 2iv2P+2vP (vP+1)ω+2iL(vP+1)2ω2(vP+1)3 ),
(114)
and for m→ 0 (i.e. vP → 1) one gets Υl(ω)→ 0.
In gure 4 the longitudinal response funtion of the Virgo interferometer to
two massive salar GWs with speeds of 0.1c (non relativisti ase) and 0.9999c
(ultra relativisti ase, thik line) is shown. In the non-relativisti ase the
longitudinal signal is strong while in the ultra relativisti ase (i.e. vP → 1) is
very weak.
7 A ontrol of gauge invariane: omputation in
the TT gauge for Einstein's GWs
In this Setion, returning in the ontext of standard Einstein's GWs, a brief
review of the portion of ref. [20℄, whih analyzes the TT gauge, is given for a
ontrol of gauge invariane that shows the orretness of the results.
Let us start by onsidering the interval for a photon whih propagates in
the x axis. With the same onsiderations about the onservation of the photon
momentum, one an write eq. (22) as
ds2 = −dt2 + [1 + h(t− z)]dx2. (115)
Putting the ondition ds2 = 0 for null geodesis in the line element (115) the
oordinate veloity of the photon is obtained
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Figure 4: from Capozziello S and Corda C - Int. J. Mod. Phys. D 15 1119 -
1150 (2006), the absolute value, at low frequenies, of the longitudinal response
funtion of the Virgo interferometer to two SGWs with speeds of 0.1c (non
relativisti ase) and 0.9999c (ultra relativisti ase, thik line).
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v2 ≡ (dx
dt
)2 =
1
1 + h(t)
, (116)
whih is a onvenient quantity for alulations of the photon propagation
time between the beam-splitter and the mirror [2, 12, 15, 20℄. In the TT gauge,
the time oordinate t is also the proper time at every point of the spae, beause
g00 = 1 [21, 23℄.
In this gauge the oordinates of the beam-splitter xb = l and of the mirror
xm = l+L0 do not hanges under the inuene of the GW [2, 20℄, thus one an
nd the duration of the forward trip as
T1(t) =
∫ L0+l
l
dx
v(t′)
, (117)
with
t′ = t− (l + L0 − x),
where in the last equation t′ is the retardation time.
To rst order in h this integral an be approximated with
T1(t) = T0 +
1
2
∫ L0+l
l
h(t′)dx, (118)
where
T0 = L0
is the transit time of the photon in absene of the GW. Similiary, the duration
of the return trip will be
T2(t) = T0 +
1
2
∫ l
l+L0
h(t′)(−dx), (119)
though now the retardation time is
t′ = t− (x− l).
Equations (118) and (119) are exatly equal to equations (53) and (54).
Then, the same omputation that has been made in Setion 4 an be performed
in this ase too, obtaining
δT (t) =
1
2
∫ L0+l
l
[h(t− 2L0 + x− l) + h(t− x+ l)]dx. (120)
Thus, in the x diretion of the TT gauge, there is the same variation of
proper time (distane) of eq. (56), whih was obtained in the x diretion of the
dierent gauge analyzed in Setion 4.
For a photon whih propagates in the z axis the analysis is trivial. The
ondition ds2 = 0 for null geodesi gives now
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dt = ±dz. (121)
Then, by realling that t is the proper time in this gauge, it is:
τ(t) = T0 + T0 = 2T0. (122)
Thus it is δτ = δL0 = 0 , i.e. a longitudinal eet is not present.
By onfronting eq. (120) with eq. (56) and eq. (122) with eq. (67) the
gauge invariane between our gauge and the TT one is reovered.
8 Conlusions
Beause the investigation of the transverse eet of gravitational waves (GWs)
ould onstitute a further tool to disriminate among several relativisti theories
of gravity on the ground, after a review of the TT gauge, the transverse eet
of Einstein's GWs has been reanalized with a dierent hoie of oordinates.
In the hosen gauge test masses have an apparent motion in the diretion of
propagation of the wave, while in the transverse diretion they appear at rest.
Of ourse, this is only a gauge artefat. In fat, from areful investigation of this
partiular gauge, it has been shown that the tidal fores assoiated with GWs
at along the diretions orthogonal to the diretion of propagation of waves.
In the analysis it has also been shown, in a heuristi way, that the tranverse
eet of Einstein's GWs arises from the propagation of the waves at the speed
of light, thus only massless GWs (and this is the ase of Einstein's ones) are
purely transverse (i.e. the presene of the mass preludes GWs to propagate at
the speed of the light). But, beause the physis of gravitational waves has to
be investigated by studing the tidal fores as appearing in the geodesi devia-
tion equation and diretly in a laboratory enviroment on Earth, an analysis of
these tidal fores and of the transverse eet in the frame of the loal observer
has also been performed. After this, for a further better understanding of the
transverse eet, an example of a wave, whih arises from salar tensor grav-
ity, with both transverse and genuinely longitudinal modes has been given and
disussed. In the example the onnetion between the longitudinal omponent
and the veloity of the wave has been mathematial shown.
At the end of this paper the review of the TT gauge has been ompleted,
reovering the gauge invariane between the presented gauge and the TT one.
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